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Electrons in carbon nanotubes (CNTs) possess spin and orbital degrees of freedom. The latter
is inherited from the bipartite graphene lattice with two inequivalent Dirac points. The electronic
spectra obtained in several transport experiments on CNT quantum dots in parallel magnetic field
often show an anticrossing of spectral lines assigned to the opposite Dirac valleys. So far this valley
mixing has been attributed to the disorder, with impurity induced scattering. We show that this
effect can arise also in ultraclean CNTs of the armchair class and it can be caused solely by the
presence of the boundaries. In contrast, in CNTs of the zigzag class it does not occur. These two
fundamentally different classes of spectra arise because of different rotational symmetries of the low
energy eigenstates in the two types of CNTs. The magnitude of the level splitting depends in a
non-monotonous way on the distance of the involved energy levels from the charge neutrality point.
PACS numbers: 73.63.Fg, 71.70.Ej, 73.22.-f
Introduction. When the first experiment proving
the existence of enhanced spin-orbit (SOI) coupling in
CNTs [1] was performed, another effect was also observed
and later confirmed by other measurements [2–5]. The
signature of this phenomenon was an unexpected anti-
crossing between different valley spectral lines. In the
original paper the authors attributed this anticrossing,
with its characteristic energy scale ∆KK′ , to a 2 ~K mo-
mentum change of an electron, caused by scattering off
impurities. The “disorder term” or “valley-mixing” pa-
rameter ∆KK′ , of the order of the spin-orbit splitting
∆SO or larger [2, 5], is now an accepted part of the CNT
Hamiltonian [2, 6]. In a recent study it became even a
crucial ingredient, necessary for the emergence of Majo-
rana fermions in CNTs [7].
If disorder is present, it may certainly cause valley mix-
ing [8, 9], with its spectroscopic consequences. However,
the experiments revealing the presence of a KK ′ anti-
crossing in magnetic fields [2–5] have been performed on
very clean, most likely disorder-free, nanotube quantum
dots. This suggests that another mechanism can be re-
sponsible for the observed anticrossing.
In this work we demonstrate analytically and numeri-
cally that this effect can occur also in disorder-free CNTs
where it stems from the nanotube’s finite size. Its appear-
ance is intimately connected to the symmetry properties
of finite CNTs - it only occurs in CNTs whose low energy
subbands in both valleys have the same crystal angular
momentum. These CNTs form what we name the arm-
chair or (A) class - the others belong to the zigzag or (Z)
class [10]. In the standard theoretical modelling [10–
14] a nanotube is formed by rolling a graphene plane
(cf. Fig. 1(a),(b)), with the circumference of the CNT
given by the chiral vector ~Ch = m1~a1 + m2~a2. The
pair (m1,m2) are the so-called chiral indices of the CNT.
Whether a CNT belongs to the (A) or to the (Z) class
can be seen immediately from its chiral indices. Let us
define n = gcd(m1,m2); then if a CNT with chiral indices
(m1/n,m2/n) is metallic, i.e. (m1−m2)/n = 0|mod 3, the
original (m1,m2) CNT is of the (A) class; otherwise it is
of the (Z) class.
The possibility of breaking the valley degeneracy through
different kinds of hard wall boundaries was pointed out
in Ref. [15]. However, the deep relation between CNT’s
chirality and the nature of the spectrum of a finite tube,
as revealed in the present work, was so far unexplored.
The requirement of conservation of crystal angular mo-
mentum upon reflection off the CNTs’ boundaries, to-
gether with a generalized parity operation U (to be de-
fined later), determine the nature of the low energy states
at the anticrossing. At the values of magnetic field which
counteract ∆SO for one spin direction the degeneracy be-
tween states of opposite U parity is lifted in (A) class
CNTs, and it is preserved in the (Z) class ones. Hence,
the low energy spectra of these two classes of CNTs are
qualitatively different. The strength with which the de-
generacy is broken depends on the CNT’s length, chi-
rality and the distance of the split energy level from
the charge neutrality point (CNP). Because the U parity
eigenstates are linear combinations of states from differ-
ent valleys, the splitting ∆+− in the (A) class CNTs mim-
ics the phenomenological valley mixing parameter ∆KK′ .
We explore this correspondence at the end of this work.
Spectrum and symmetries of infinite CNTs. The
nearest-neighbour tight-binding Hamiltonian of
graphene, with one pz electron per atom, reads
Hˆ =
∑
p=A,B
∑
~R,~R′
t~R~R′ |~R, p〉〈~R′,−p|, (1)
where ~R, ~R′ are the lattice vectors and p is the sublat-
tice index (cf. Fig 1(b)). For simplicity the spin de-
gree of freedom and spin-orbit interaction effects will
be included later. The hopping integrals t~R~R′ are all
equal in flat graphene, but in CNTs they are modified
ar
X
iv
:1
41
2.
74
84
v1
  [
co
nd
-m
at.
me
s-h
all
]  
23
 D
ec
 20
14
2by the curvature effects [16, 17]. In an infinite nan-
otube we can introduce the sublattice states, defined
as |~k, p〉 = 1/√N∑~R exp(i~k · ~R) |~R, p〉 and obtain the
Hamiltonian in the reciprocal space,
Hˆ =
∑
~k
∑
~d
t~R,~R+~d e
i~k·~d
︸ ︷︷ ︸
γ(~k)
|~k,A〉〈~k,B|+ h.c., (2)
with ~d ∈ {0,~a1,~a2} (cf. Fig 1(b)) and γ(~k) =
|γ(~k)| exp(iη(~k)). The Bloch states |~k〉 are eigenstates of
Hˆ with energy ±|γ(~k)|, which imposes their form
|~k〉 = 1√
2
(
eiη(
~k)/2 |~k,A〉 ± e−iη(~k)/2 |~k,B〉
)
, (3)
where the (+/−) sign applies to the conduction/valence
states, respectively. We shall focus on the conduction
band.
The form of the eigenstates of a nanotube is deter-
mined by its symmetries and defined by their asso-
ciated quantum numbers [12–14]. Those relevant for
us (Cn,U , T (~T ),S(α, h) = T ( ~H)) are illustrated for the
rolled CNT in Fig. 1(a), and their characteristic vectors
on the graphene plane are shown in Fig. 1(b). The sym-
metries, their action on the 3D and 2D lattice and on
the Bloch states |~k〉, as well as their respective quantum
numbers, are listed in Tab. I of the Supplement.
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FIG. 1: Real space structure of a chiral (8,2) nanotube. (a)
Fragment of a rolled CNT. The translational unit cell with
2NB atoms is marked in grey; fragments of the two helices
constituting the CNT are shown in red and brown. (b) Un-
rolled translational unit cell. A rotation by pi around one
of the U axes (some choices of U are marked with yellow
dots) maps all atoms onto those from the opposite sublattice.
(c) An unrolled helical chain from an (8,2) CNT of length
L = Nt|~T |. Then NL = NtNB/n, where n = gcd(8, 2) = 2.
Saturated bonds are shown in solid lines, dangling bonds in
dotted lines. “Missing” atoms are marked by open circles.
The quantum numbers used to identify a Bloch state
are most often derived either from the pair of symmetries
(C, T (~T )) (translational scheme) or from (Cn,S(α, h))
(helical scheme), resulting either in the quantum num-
bers (k⊥, k‖) or (m, k), respectively - we will use mostly
the (m, k) pair. The rotational symmetries give rise to
the quantized transverse quantum numbers - C to k⊥
and Cn to the crystal angular momentum m. Near the
CNP the dispersion of graphene forms two inverted cones
(valleys), centered around the Dirac points ~K (valley K)
and − ~K (valley K ′) in the reciprocal space. The trans-
verse quantization reduces the 2D dispersion to a set of
one-dimensional subbands (see Fig. 2(a),(d)). The cur-
vature of the CNT lattice results in a hyperbolic dis-
persion with minima at shifted Dirac points ± ~Kc (cf.
Fig. 2(b),(e)) [16, 17]. The Dirac momenta ± ~Kc corre-
spond in the helical representation to (±m,±Kc), with
m 6= 0 in CNTs of the (Z) class and m = 0 in those of
the (A) class [10]. Hence, in (A) class CNTs both valleys
share the same value of the crystal angular momentum.
Every CNT is also symmetric under a rotation by pi
around an axis U perpendicular to the C axis and in-
tersecting either the center of a hexagon or a C-C bond
[11] (cf. Fig. 1(a),(b)). The action of the U rotation on
atomic orbitals and Bloch states is given by
U|~R, p〉 = | − ~R,−p〉, U|~k〉 = | − ~k〉. (4)
In real space U involves an exchange of sublattices; in
reciprocal space, because ~K ′ = − ~K, it involves an ex-
change of Dirac points (valleys).
Finite nanotubes. Unlike the translational and helical
symmetries, neither the transverse symmetries C, Cn nor
the U symmetry are broken in finite nanotubes. There-
fore we can use them to identify the eigenstates of finite
CNTs. We construct these eigenstates as linear combi-
nations of Bloch states corresponding to the same energy
|γ(~k)|, imposing on them the symmetry constraints and
the boundary conditions. The most general U-symmetric
eigenstate is a combination of the four momentum states
corresponding to the same |γ(~k)| (see Fig. 2(b),(e)),
|ψ〉 =
∑
i=1,2
|ai|
(
eiβi |m, ki〉+ e−iβi | −m,−ki〉
)
. (5)
We denote the four momenta by (±~k1,± ~k2), with +~k
in the K valley and −~k in K ′; the index 1 stands for
the outer branch of the dispersion (k > Kc), 2 for the
inner one (k < Kc). In finite nanotubes there is only
one choice of U axis; for one translational cell of an (8,2)
CNT it is the one explicitly marked in Fig. 1(b). In
an arbitrary CNT of length given by ~L = Nt ~T the U
axis is at (~Ch + ~L − ~H)/2, with ~H the helical vector
(see Tab. I of the Supplement). The requirement that
the energy eigenstates should be also eigenstates of U ,
U |ψ±〉 := ±|ψ±〉, yields the condition on the phases βi:
~ki · (~L− ~H) + 2pimnα/n + 2βi = nipi, ni ∈ Z. (6)
For even (odd) U eigenstates the integers ni are even
(odd). This choice of ni ensures the orthogonality be-
tween the even and odd U states, in both CNT classes.
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FIG. 2: Reciprocal space (squeezed in k‖ direction) and low
energy subbands (without spin) of finite CNTs in the helical
approach. (a) Reciprocal unit cell (darker rectangle), m =
const subbands and Γ,K,K′ points of a (Z) class (6,3) CNT.
The background is the greyscale plot of graphene’s dispersion
|γ(~k)|. (b) Energy subbands. The four degenerate Bloch
states of an infinite CNT (points) can be combined into two
degenerateK/K′ valley or +/− U parity eigenstates of a finite
length CNT. The K/K′ valley corresponds to m = +1/ − 1,
respectively. (c) Part of the doubly degenerate spectrum of a
(Z) class CNT. (d) As in (a), but for an (A) class (8,2) CNT.
The subband m = −1 is geometrically equivalent to m = 1.
Both valleys have m = 0. (e) In finite (A) class CNTs the U
parity eigenstates stem from Bloch states with ~k+ 6= ~k−. (f)
The U pairs in the resulting spectrum are non-degenerate.
Note that a priori the even and odd states can also have
different momenta, ~k±i . The factor 2pinα/n accounts for
the difference between the angular coordinates of the end
and the beginning of a helical chain.
Boundary conditions. The finite nature of the system
is encoded in the boundary conditions. We require that
the wave functions should vanish at some points, to be
specified later, beyond the boundary sites.
Zigzag class. The usual boundary conditions applied in
pure zigzag ribbons and CNTs [17, 18] are ψA(~RL) =
0 ∧ ψB(~RR) = 0, with ~RL and ~RR the first “missing”
lattice sites beyond the left and right end of the CNT,
respectively (see Fig. 1(c)). Note that the U symmetry
already implies ψA(~RL) = ψB(~RR = ~L+ ~Ch − ~H − ~RL);
the finite size of the system in addition sets this common
value to 0. When applied to (Z) class CNTs, this yields
sin
(
(~k1 − ~k2) · ~R′L + (η1 − η2)/2
)
= 0, (7)
with ~R′L = ~RL − (~L − ~H)/2. The left side of this equa-
tion defines a “quantization function” whose zeroes then
yield the momentum eigenvalues, corresponding to dis-
crete longitudinal (k‖ or k) modes. When the CNT is
considered to be a set of helical diatomic chains, the nat-
ural choice of the vanishing sites is at − ~H and at ~L from
the origin of a chain, as shown in Fig. 1(c). Let us then
set ~RL = − ~H, and at low energies (before the trigonal
warping comes into play) Eq. (7) becomes
κ⊥ = κ‖ cot(κ‖(L+ h)), (8)
with κ‖ = k1‖ −Kc‖ = Kc‖ − k2‖ and κ⊥ = k1/2⊥ −Kc⊥.
This relation, shown here in the translational scheme in
which it usually is derived, is the standard momentum
quantization condition for pure zigzag CNTs [17, 18].
The solutions of (7) determine the momentum pairs
~k1(n),~k2(n), where ~ki(n) = ~k
+
i (n) =
~k−i (n). Out of each
pair, with appropriate βi’s we can construct two degen-
erate states; either U +/- states, or valley K/K ′ states.
The energy spectrum consists of doubly degenerate shells
(cf. Fig. 2(c) and Section B of the Supplement), num-
bered by n. The level spacing between consecutive U (or
K/K ′) pairs varies with energy, as shown in Fig. 3(a).
The U states are then
|±, n〉Z = 1
2
∑
j=1,2
|aj |
∑
τ=±
f±(τ) eiτβj |τm, τkj(n)〉, (9)
where f+(τ) = 1 and f−(τ) = −iτ . The phases βj ful-
fill the condition (6), and we have chosen here β−j =
β+j − pi/2, with βj := β+j . The valley states are linear
combinations of U states,
|K/K ′, n〉Z ≡ | ±m,n〉Z = 1√
2
(|+, n〉Z ± i|−, n〉Z) .
(10)
Armchair class. In the (A) class CNTs the low en-
ergy states belong to the m = 0 subband. The con-
straint ψA(~RL) = 0 = ψB(~RR) alone is not sufficient and
we must constrain both sublattices at both ends. It is
enough to impose that both ψA and ψB must vanish on
the left end of the CNT - their vanishing on the right
follows automatically from the U symmetry. In the most
general case ψA and ψB can vanish at slightly different
positions; a detailed discussion of the choice of ~RL,p can
be found in Section B of the Supplement. The set of
equations ψA(~RL,A) = 0 = ψB(~RL,B) yields a momen-
tum quantization condition
0 = sin ((η′1 + η
′
2)/2) sin
(
(~k1 − ~k2) · ~R′L
)
± sin ((η′1 − η′2)/2) sin
(
(~k1 + ~k2) · ~R′L
)
,
(11)
where ~R′L = (~RL,A + ~RL,B − ~L − ~H)/2 and η′i = ηi −
~ki · (~RL,A − ~RL,B). In contrast to the (Z) class case the
quantization function contains now two terms. The first
originates from the intra-valley, while the second from
4the inter-valley backscattering. The finite value of the
latter can be traced back to the non-vanishing value of
the inter-valley scalar product, 〈~k| − ~k〉 6= 0. In the (Z)
class CNTs 〈~k| − ~k〉 = 0; the orthogonality of opposite
valley states is protected by the Cn symmetry.
The +/− sign in the second line refers to even/odd U
eigenstates, resulting in different quantization for ~k+ and
~k−. The energies of even and odd states are split by
∆+−(n) = E(~k+(n))− E(~k−(n)). (12)
The (A) class momentum and energy spectrum is
sketched in Fig. 2(e)-(f) and discussed further in Sec-
tion B of the Supplement. The spacing between mean
energies of U pairs varies with energy (cf. Fig. 3(b)) and
so does the ∆+−(n) (Fig. 3(c)). The (non-degenerate) U
eigenstates can be written as
|±, n〉A = 1
2
∑
j=1,2
∣∣a±j ∣∣ ∑
τ=±
eiτβ
±
j |0, τk±j (n)〉. (13)
Note that both β±j are now defined by (6) for different
momenta. We may use the same transformation as that
which led from (9) to (10) and obtain approximate valley
states, where the other valley is strongly suppressed, but
since k+ 6= k− the suppression cannot be complete.
For a pure armchair Eq. (11) also holds, but because
there η1 ≡ pi and η2 ≡ 2pi, the eigenstates (5) contain
only one ~ki, either ±~k1 or ±~k2. The resulting quantiza-
tion is that of 2~k · ~R′L = npi; it is the only CNT which
does behave like a standard quantum box [19].
Numerical results. In order to test the consequences
of Eqs. (7) and (11) we have diagonalized numerically
the spinless Hamiltonian (1) for a finite nanotube, with
the curvature effects evaluated as in [16, 17] and the val-
ues of hopping integrals between pi and σ orbitals set to
Vpi = −2.66 eV and Vσ = 6.38 eV [20]. The resulting low
energy spectra of (Z) class CNTs are doubly degenerate,
with energy quantization well described by Eq. (7), see
Fig. 3(a). In (A) class CNTs the U doublets are split
by ∆+− which depends on the distance from the CNP.
The mean shell spacing is well described by Eq. (11),
but the analytical result overestimates the splitting ∆+−
(cf. Fig. 3(c) and Section B in the Supplement). The
Fourier transform of obtained eigenstates shows that the
even and odd states indeed have different momenta, ~k+i
and ~k−i , whose difference yields |∆+−| ' ~vF
∣∣k+i − k−i ∣∣,
as shown in Fig. 3(c).
The value of ∆+− decreases with the length of the CNT
(see Fig. 3(d)), which is natural since it is a finite size
effect. It also oscillates with growing amplitude and fre-
quency as the distance from the CNP increases, which
is perhaps due to the weaker confinement of the higher
energy states. The only systematic experimental inves-
tigation of the valley mixing so far [2] shows that ∆KK′
indeed varies with the gate voltage.
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FIG. 3: Spectral properties of finite CNTs without spin-
orbit coupling. (a) Spacing between energy levels Ei of a
(6,3)x36 CNT of (Z) class. (b) Spacing between mean ener-
gies of the U doublets of a (8,2)x58 CNT of (A) class, where
〈Ei〉 = (E−i + E+i )/2. (c) The splitting |∆+−| vs the mean
energy of the shell for an (8,2)x58 nanotube, matching the
numerically computed ~vF |k+i − k−i |. The analytical value of
∆+− is largely overestimated. (d) The dependence of |∆+−|
on the length of the CNT and the mean energy of the shell,
for Nt|mod 3 = 1. The values at the lower edge of the plot, for
Nt = 58, correspond to the ∆+−(E) plotted in (c).
In experimental devices the CNT quantum dots are usu-
ally defined electrostatically, by the gates. We have mod-
elled (A) and (Z) class CNTs in various soft confining
potentials. The division of spectra into two classes, with
degenerate or non-degenerate U doublets, survives, pro-
vided that the confinement does not break the Cn sym-
metry (see Section C of the Supplement).
Inclusion of the spin. The addition of the electron spin
to the problem results, in absence of spin-orbit coupling
effects, in a doubling of the spectrum - the eigenstates
are now |+/−, σ〉 = |+/−〉⊗ |σ〉. In (Z) class CNTs the
shells En are fourfold degenerate and we can express the
eigenstates also as |K/K ′, σ〉Z = |K/K ′〉Z ⊗ |σ〉. In (A)
class CNTs each shell contains two doubly degenerate U
states |+, σ〉A and |−, σ〉A separated by ∆+−(n).
When the SOI is also taken into account, the states |~k, σ〉
and |−~k, σ〉 are no longer degenerate [17] and the U sym-
metry is broken. The time reversal and Cn symmetries
are preserved and the spectrum consists of a series of
Kramers’ doublets. For (Z) class CNTs the shell quan-
tization still follows from (7), with now spin-dependent
η(~k, σ) [17]. The doublets are {|K,σ〉, |K ′,−σ〉}, split
by ∆SO. In (A) class CNTs the eigenstates are more
complex. The Kramers pairs are {|α, ↑〉, |β, ↓〉} and
{|γ, ↓〉, |δ, ↑〉}, where |α〉, |β〉, |γ〉, |δ〉 denote combinations
of valley states, determined by the orthogonality require-
ments 〈α|δ〉 = 0 = 〈β|γ〉. This issue will be discussed in a
future work, in the following we report on our numerical
results.
5Effects of a parallel magnetic field. A finite magnetic
field breaks the Kramers degeneracy; the four levels in
one shell evolve in different ways as the field magnitude is
varied (see Fig. 4). At some value of the parallel magnetic
field the Aharononv-Bohm effect suppresses ∆SO [17],
locally restoring the U symmetry. At this field we ex-
pect ∆+− to become apparent in (A) class CNTs. We
have tested this hypothesis with numerical calculations of
the transmission through finite nanotubes with spin-orbit
coupling in parallel magnetic field using Green’s function
techniques [21, 22][23]. This is what was experimentally
probed in Ref. [2, 3]. The results for one CNT of the (A)
and one of the (Z) class are shown in Fig. 4. Initially, at
B‖ = 0, the spectra of both CNTs are similar. At the
field BSO in (Z) class CNTs the K/K
′ states with spin ↓
merely cross, while in the (A) class CNTs the ∆+− split
manifests as an avoided crossing. This effect is present
in all shells throughout the low energy spectrum.
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FIG. 4: The transmission of finite, disorder-free, nanotubes
in varying axial magnetic field B‖. In the chosen energy win-
dow only one shell contributes to the transport. The pres-
ence of the SOI removes the orbital degeneracy also in (Z)
class CNTs and two Kramers pairs split by ∆SO are present
at B‖ = 0. In (A) class CNTs the splitting at zero field ∆
is larger than ∆SO, due to the boundary effects. At B‖ 6= 0
the time-reversal symmetry is broken. The four CNT levels
evolve differently: in (A) class CNTs, when B‖ = BSO such
that it suppresses ∆SO for one spin direction, the splitting
∆+− manifests as an anticrossing. In (Z) class CNTs the
valley states remain independent.
Conclusions. The fundamental difference between the
(A) and (Z) spectral classes has its roots in the symme-
try of the low energy subbands: in (Z) class CNTs the
two valleys belong to different representations of the Cn
group, while in (A) class CNTs they belong to the same
representation, with m = 0. In scattering terms, in finite
CNTs of the (A) class the probability amplitude of valley
reversal upon reflection off the boundaries does not van-
ish, 〈~k| − ~k〉 6= 0. In the (Z) class CNTs their robustness
against valley mixing can be crucial in the attempts to
use them for quantum computing, relying on the manip-
ulation of spin and valley [6].
The anticrossing which the ∆+− introduces is bound in-
extricably to the finite size of the system and as such
cannot be introduced into the Hamiltonian of an infi-
nite CNT. For the modelling of the energy levels of a
CNT quantum dot ∆+− may be replaced by an effective
valley-mixing term, but even that with some caveats -
the momenta of + and − states are not the same.
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